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Deterministic scalar conservation law

The scalar conservation law is written as

{ du+ div(A(u))dt =0 in R x (0,00) (1)
u(0) = up on R.

@ ’scalar’ is necessary.
@ Different (boundary and initial value) conditions, different type of solutions!

1) classical solution

3
4

(1)

(2) weak solution
(3) entropy solution (renormalized entropy solution)
(4)

kinetic solution (generalized kinetic solution)
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The Cauchy problem: classical solutions

The homogeneous scalar conservation law

du(x, t) + div(A(u(x, t)))dt =0, x e R™, t > 0.
u(0,x) = up(x), x € R™.
The flux A(u) = (A1(u),- - -, Am(u)) is a given smooth function on R.

Theorem 1 ( Dafermos (2005)([7])

Assume ug defined on R™, is bounded and Lipschitz continuous. Let

= inf divA’ :
i = e ol el (uo(y))

Then there exists a classical solution u of (1) on the maximal interval [0, Tw),
where Too = 00 if K > 0 and T = —k 1~ if kK < 0. Furthermore, if ug is C¥ so
is u.

@ u(—x,—t) is solution < u(x, t) is solution.
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The Cauchy problem: weak solutions

Definition 1 (Weak solution)

A locally bounded, measurable function u defined on R™ x [0, T) is called weak
solution of (1), if it satisfies that

/OT /Rm [0epu + g 0ipAi(u)]dxdt + /Rm @(x,0)up(x)dx = 0.

for every Lipschitz test function ¢ with compact support in R” x [0, T).

@ Classical solution is weak solution

@ Weak solutions are not unique!
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Example: Consider the Cauchy problem for the Burgers equation (A(u) = 3u?)
with initial data

-1-, x<0
U(X’O):{ 1, x > 0.

The above problem admits infinity many weak solutions, including the family

—1—, —co<x<t

%, —t < x < —at

-« —at<x<0
o (x, t) = o 7 0<x<t

) —

%, at<x<t

1, t<x<oo

for any a € [0, 1].
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How to solve the problem of uniqueness?

To solve the non-uniqueness, additional restrictions in the form of admissibility
conditions shall be imposed on weak solutions, which should satisfy the following
requirements:

@ They should be motivated by physics.
@ They should be compatible with other established admissibility conditions.

@ They should be broad enough to allow for existence of admissible solutions
and sufficiently narrow to single out a unique admissible solution.
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Entropy-entropy flux pair—entropy condition

The entropy-entropy flux pair (1, Q): 1 is an entropy (convex function), with associated
entropy flux

Q) = [ /(@A w)do.
The entropy condition can be written as?
Om(u(x, t)) + divQ(u(x, t)) <0 2
in the sense of distributions, on R™ x [0, T), for every convex entropy-entropy flux pair
(n, Q).
@ Exclude u(—x,—t).

@ For any weak solution u(x, t) satisfying the entropy admissible criterion, the left
hand side of (2) is a non-positive distribution, and thereby a measure.

@ Try to know as much information on 7(u) as possible, which implies the property
of u.
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Admissible weak solution

With the help of the entropy condition (2), the following definition is introduced.

Definition 2 (Admissible weak solution)

A bounded measurable function u on R™ X [0, 00) is an admissible weak solution
of (1) with ug in L>*(R™), if the inequality

[ oo+ S osaiaet [ otomunt)or =0

holds for every convex entropy-entropy flux pair (7, Q), and all nonnegative
Lipschitz continuous test functions ¢ on R™ x [0, c0), with compact support.

Remarks:
@ all classical solutions are admissible.

o n(u) = tu, Q(u) = £A(u) shows that any admissible weak solution is in
particular a weak solution.
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Weak entropy solution

A special entropy-entropy flux pairs: Kruzkov's type (1973).
n(u;@) = (u-10)", Qu)= gn(u— a)" (A(u) — A(@)).
n(u;o) = [u—1|, Q(u;1) = sgn(u—1)(A(u) — A7)

Applying the Kruzkov's type entropy-entropy flux pairs, the following definition was
introduced by Carrillo(1999)[4].

Definition 3 (Weak entropy solution, Carrillo (1999)[4])

An entropy solution of (2) is a function u € L'(R™) with A(u) € L'(R™)™ satisfying
/ (0= KO+ S 06 (Ai(u) — Ar(K))]dbxdt +/ (o — k)" 6(0, x)dx > 0,
{u>k} i—1 RM

/{k [ =00+ 3 00(AK) ~ Al + /Rm(k _ o)t (0, x)cx 2 0,

for any (k,¢) € R x D((0, T) x R™), ¢ > 0.
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Renormalized entropy solution

When the regularity of the initial value is relaxed from L> to L!, the following definition
is introduced.

Definition 4 (Renormalized entropy solution)

Let up € L'(R™), a renormalized entropy solution of (1) is a function
u € L}(R™ x (0, T)) such that, for all k,/ € R, the functionals s, and vk, are Radon
measures on [0, T) x R satisfying

lim 1,([0,T) x R™)=0and lim v ,([0,T)x R") =0 Vk € R.
|—+00 ’ I—-—o0c0

6 € DR x (=00, T)) > pus(6) = — /( o SN = RN 1= )6

FA(UA D) — A(K)) - VoYdxdt — [ (w0 AT — k) 6(0,x)dx,
¢ € DR" x (=00, T)) = vi,i(¢) = —/ signg (k — u A D{(k — u A l)pe
(0, T)xRmM

HA(K) — A(u A 1)) - Vo ddt — /m(k o A1) (0, x)dx.
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Definition 5—Kinetic solution

Kinetic formulation of weak entropy solution of a general multidimensional scalar
conservation law with Cauchy problem is derived by Lions, Perthame and Tadmor in
(1999)[19]. They also proved the equivalence between entropy solutions and the kinetic
system.

For the equations

Oru + divA(u) = 0 in D'((0,00) x R™),
the family of entropy inequalities
9en(u) + div@Q(u) < 0 in D'((0,00) x R™), 3)

with Lipschitz continuous convex entropy-entropy flux pair (1, Q) is equivalent to the
following kinetic formulation
Oex(kiu) + > GL(K)Dax(k; u) = dkm(t, x, k) in D'((0,00) x R” x R), (4)
a=1

where

+1, for0< k< u,

x(k; u) = -1, foru< k<O,
0, otherwise.
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SSCL-bounded domain and torus

Let T > 0 and (Q,F, P, {F:}icpo,m): (Bk(t))) be a stochastic basis with expectation E.
Model (I) Let D be a bounded open set in RV with boundary AD in which we assume
the boundary 0D is Lipschitz in case the space dimension N > 1. For any T > 0, set
Q=(0,T)xDand X =(0,T)x 9dD. Let (Q, F,P; {Ft}tcp, 1) be a given probability
space and consider

du + divA(u)dt = h(u)dw(t), in Q x Q,
u(0,-) = wo(+), in D, (5)
u=a, on X.

a is a random scalar-valued function.

Model (1) Let T > 0 and (Q,F, P, {F:}:cpp, 71, (Bk(t))) be a stochastic basis with
expectation E. We consider the first-order scalar conservation law with stochastic
forcing

{ du + div(A(u))dt = &(u)dW(t), in TV x (0, T], (6)
u(0) = wo, on TV x {0}.

The equation is periodic in the space variable x € TV, where T" is the N—dimension
torus.
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Known results

@ Kim (Indiana Univ. Math. J. (2003) [18]) studied the Cauchy problem for the
stochastic equation driven by additive noise, wherein the author proposed a
method of compensated compactness to prove the existence of a stochastic weak
entropy solution via vanishing viscosity approximation. Moreover, a Kruzkov-type
method was used to prove the uniqueness.

@ Vallet and Wittbold (Infin. Dimens. Anal. Quantum Probab. Relat. Top
(2009)[27]) extended the results of Kim to the multi-dimensional Dirichlet problem
with additive noise. By utilising the vanishing viscosity method, Young measure
techniques and Kruzkov doubling variables technique, they managed to show the
existence and uniqueness of the stochastic entropy solutions.

@ Feng and Nualart (J. Funct. Anal.(2008) [16]) concerned the case of multiplicative
noise, for Cauchy problem over the whole spatial space, where they introduced a
notion of strong entropy solutions to prove the uniqueness for the entropy solution.
Using the vanishing viscosity and compensated compactness arguments, they
established the existence of stochastic strong entropy solutions only in 1D case.
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@ Using a kinetic formulation, Debussche and Vovelle (J. Funct. Anal. (2010)[12])
solved the Cauchy problem for (6) in any dimension. They made use of a notion of
kinetic solution developed by Lions, Perthame and Tadmor (J. of A.M.S
(2010)[19]) for deterministic first-order scalar conservation laws. In view of the
equivalence between kinetic formulation and entropy solution, they obtained the
existence and uniqueness of entropy solution.

@ The long-time behavior of periodic scalar first-order conservation laws with
additive stochastic forcing under an hypothesis of non-degeneracy of the flux
function is studied by Debussche and Vovelle (Probab. Theory Related
Fields(2015) [13]). For sub-cubic fluxes, they show the existence of an invariant
measure. Moreover, for sub-quadratic fluxes, they prove the uniqueness and
ergodicity of the invariant measure.

@ Mariani (Probab. Theory Related Fields(2010) [22]) (see also (2007)[23] for more)
is the first work towards large deviations for stochastic conservation laws, wherein
the author considered a family of stochastic conservation laws as parabolic SPDEs
with additional small viscosity term and small (spatially) regularized (i.e., spatially
smoothing) noises.
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Stochastic entropy solution for model (1)

Definition 6 (Stochastic entropy solution )

A function u € N2(0, T; L?(D)) is an entropy solution of stochastic conservation law (5)
with the initial condition up € LP(D) and boundary condition a € L*°(X), if
u € L0, T; L3(Q; LP(D))), p > 2 and

tnk(®) >0, wik(ed) >0 dP—as.,
where 1, k(¢) and jis.«(¢) are defined in (7) and (8) and ¢ € DF([0, T) x R").

For any function u of N2(0, T; L?(D)), any real number k and any regular function
n € ' (nonnegative convex function in C*!(R)), denote dP — a.s. in Q by i, «, the
distribution in D defined by

() = [ (s ~ 0000+ [ w96 /(0 KAQ) ~ AK) - Voot
+/Qn’(u — K)h(u)oddw(t) + - /Qn“(u — K)R(u) ot
+/X77'(a — K)pw™" (x, k, a(t, x))dSdt, (7)
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pik(@) = / (o — K)$(0)dx + /Q W — KO + i (u — K)(A(u) — A(K)) - Vbobedt
o/ 1 /! 2
+/Qn (u — k)h(u)pdxdw(t) + > /Qn (u— k)h*(u)pdxdt

+/z77'(3 — k)pw™ (x, k, a(t, x))dSdt. (8)

Under the following three assumptions:

(H1) The flux A: R — RV is of C?, its derivatives have at most polynomial
growth, A(0) =0;

(H2) h:R — R is a Lipschitz continuous function with h(0) = 0;
(H3) wo € LP(D), p>2and ac L™(X).

Theorem 3 (Lv, Duan, Gao, Wu, (2016) [20])

Under assumptions (H1)-(H3), there exists a unique stochastic entropy solution in the
sense of Definition 6.
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Renormalized stochastic entropy solution for model (1)

Definition 7 (Renormalized stochastic entropy solution)

Let a € M(X) with A(a,x) € L*(Z) and up € L*(D). A function v of L'(Q; L}(Q)) is
said to be a renormalized stochastic entropy solution of conservation law of (5), if pu,(")
and v,(+) defined by (9) and (10) are random measure on [0, T] X D satisfying

lim Eui, ([0, T] x D) =0, and lim Ev/ ([0, T] x D)=0,Vk € R.
=400 ’ I——o0 ’

For a continuous flux function A: R »—>£RN and for any measurable boundary data
a: Y +— R with A(a,x) € L*(X) where A: R x D + R is defined by

A(s, x) := sup{|A(r) - A(x)|,r € [-s,s']}
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For all k,I € R, for any £ € DT([0, T) x R"), define the functionals

—~

Mkl

£) = /Dn(uo AT — kY e(0)dx — / (u A1 — k)" €cdxdt

Q

sgng (u A1 — K)(A(u A1) = A(k)) - VEdxdt

sgng (u A1 — k)h(u A DEdxdw(t) — % /[1 — sgng (k — u A DR (k)Edxdt
Q

N o o

sgnd(anl — k)éw" (x, k,andSdt dP — a.s., (9)

—~

Vk,i

O == [ nlk—w 1)~ [ (k—uv D) e

Q
sgng (k — u Vv (A(k) — A(u Vv 1)) - Védxdt

sgng (k — uV N h(uV édxdw(t) — % /[1 — sgng (uV | — k)]h*(k)Edxdt
Q

M\o\o\

sgng (k —aV éw™ (x,k,aV )dSdt dP — a.s., (10)

Z. Dong stochastic scalar conservation law 30-12-2018 21/ 64



Theorem 4 (Lv and Wu (2016)[21])

Let a € M(X) with A(a,x) € L*(X) and up € L*(D). Under assumptions (H1)-(H2),
there exists a unique renormalized stochastic entropy solution in the sense of Definition
7.

For the relationship between stochastic entropy solution and renormalized stochastic
entropy solution, we have

Proposition 1 (Lv and Wu (2016)[21])

If uis a stochastic entropy solution in the sense of Definition 6, then u is a renormalized
stochastic entropy solution in Definition 7.
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Kinetic solution for model (1)

Definition 8 (Kinetic solution) Let uo € L°(T"). A measurable function
u: TV x [0, T] — R is said to be a kinetic solution to (6) with initial datum wo, if (u(t))
is predictable, if

E(ess sup_[|u(t)|gem) < C
te[0,T]
and if there exists a kinetic measure m such that f(x, t,£) := ly(,)>¢ satisfies: for all
p e CHTV x [0, T] x R),
T

/0 (F(1), Bep(1))dt + (5, 9(0)) + / (F(8), () - Vol 1)) dt

0

_ /0 ' /T XYl ux, £) B 1)

k>1

i
> / / Dol ux, 0)GA ()t + m(3eg), a5,
0 T

k>1

where fo(x, &) = ly0>¢-
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Kinetic measure

(Kinetic measure) We say that a map m from Q to the set of non-negative finite
measures over TV x [0, T] — R is a kinetic measure if

1. mis measurable, in the sense that for each ¢ € Co(T" x [0, T] x R),
(m, ¢) : Q2 — R is measurable,

2. m vanishes for large &: if B; = {£ € R, || > R}, then
lim Em(T" x [0, T] x Bg) =0,

R—+oc0

3. for all ¢ € Go(TV x R), the process

te ¢(x, §)dm(x; s, €)

TN x[0,t] xR

is predictable.
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Generalized kinetic solution for model (I1)

Definition 9 (Generalized kinetic solution) Let fy : TV x R — [0, 1] be a kinetic
function. A measurable function f : TV x [0, T] x R — [0,1] is said to be a generalized
solution to (6) with the initial datum fo, if (f(t)) is predictable and is a kinetic function
such that

E(ess sup /JTN/R|£|dVX7t(§)dX) <C,

te[0,T]

where v := —0¢f and if there exists a kinetic measure m such that for all
p e CHTV x [0, T] x R),
T

/O (F(8). Dep())dt + (5, 9(0)) + / (F(8), () - Vol 1))t

0

— _Z/OT/TN/ng(X)@(X, t,&)dvx,e(&)dxdBi(t)

k>1

,
_%/o /TAI/]R(()&P(X7 t,€)G*(x)dvi.c(€)dxdt + m(Degp), a.s.
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Young measure and Kinetic function

(Young measure) Let (X, \) be a finite measure space. Let P1(R) denote the set of
probability measures on R. We say that a map z — v,;(¢) from X to R is measurable.
We say that a Young measure v vanishes at infinity if, for every p > 1,

| [ 1erauoarz) < .

(Kinetic function) Let (X, ) be a finite measure space. A measurable function
f: X xR —]0,1] is said to be a kinetic function if there exists a Young measure v on
X that vanishes at infinity such that, for A — a.e. z € X, for all £ € R,

f(27 E) = Vl(fv +OO)'

We say that f is an equilibrium if there exists a measurable function v : X — R such
that f(z,£) = ly(z)>¢ a.e., or equivalently, v, = d,(,) for a.e. z € X.
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© LDP for stochastic scalar conservation law
@ Freidlin-Wentzell's large deviations and statement of the main result
@ Skeleton equations
@ Large deviations
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Thinking of LDP for SSCL

&

Which model?

Which solution?

Which solution space?

Which method to use to prove LDP?

Model (1)

Kinetic solution

LY ([0, T]; LY(T))

The weak convergence method.

Z. Dong stochastic scalar conservation law 30-12-2018 28 / 64



Thinking of LDP for SSCL

&

@ Which model?

@ Which solution?

@ Which solution space?

@ Which method to use to prove LDP?
&

Model (1)

Kinetic solution

LY ([0, T]; LY(T))

The weak convergence method.

Two important characteristics of SSCL:
@ No viscosity term and the derivatives of the flux A have at most polynomial growth
@ How to calculate the norm in the unusual solution space L'([0, T]; L*(T"))?

# Adding a viscosity term and using the method of truncation.
& Using the doubling variation method.

[ taselazeds = (4 =)L [ Tl cde = (o = o)
R
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Recall the model (1)

Let T > 0 and (,F, P, {F:}icpo, 1> (Bk(t))) be a stochastic basis with expectation E.
We consider the first-order scalar conservation law with stochastic forcing

du + div(A(u))dt = &(u)dW(t), in T x (0, T], 1
{ u(0) = wo, on TV x {0}. (11)

@ The flux function A in (11) is supposed to be of class C*: A € C*(R;R") and its
derivatives have at most polynomial growth.

@ Assume that the filtration {F:}:cjo, 7] is complete and W is a cylindrical Wiener
process on U: W =37, Brex, where S are independent Brownian processes and
(ex)k>1 is a complete orthonormal system in the Hilbert space U.

@ The map ®(u) : U — L2(TV) is defined by ®(u)ex=gx(u) where gi(-,v) is a
regular function on TV,
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Recall the kinetic solution of (11)

Definition 8 (Kinetic solution)

Let uo € L>°(T"). A measurable function u: TV x [0, T] x Q — R is called a kinetic
solution to (11) with initial datum wo, if

1. (u(t))eepo, 7] is predictable,

2. for any p > 1, there exists C, > 0 such that ]E(ess SUPc0, 7] ||u(t)||’Zp(T,\,)) < Gp,
3. there exists a kinetic measure m such that f := /¢ satisfies the following

T

/0 (F(£), Bep())dt + (Fo, 9(0)) + / (F(1), a(€) - Vip(t))dt

0

- -/ ' [, 8ttt 1))

k>1

i
=5 / /T Beolx, 1w, D) GA(x)dct + m(eg), as.,
0

k>1

for all o € CH(TV x [0, T] x R), where u(t) = u(-,t,-), G> = >3, ||* and
a(e) = A(o). |
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Recall the generalized kinetic solution of (11)

Definition 9 (Generalized kinetic solution)

Let f5: Q x TV x R — [0,1] be a kinetic function with (X, ) = (2 x TV, P ® dx). A
measurable function f : Q x TV x [0, T] x R — [0, 1] is said to be a generalized kinetic
solution to (11) with initial datum f, if

1. (f(t))eepo,; is predictable,

2. f is a kinetic function with (X, \) = (Q x TV x [0, T], P ® dx ® dt) and for any

p > 1, there exists a constant C, > 0 such that v := —0¢f fulfills the following

I['E(esssul)te[o,T] fqu fR |§|pdl’x,t(€)dx) < G,
3. There exists a kinetic measure m such that for ¢ € CZ(T" x [0, T] x R),

T

/0 " (1), Bup(£))dt + (o, 9(0)) + / (F(1), a(€) - Vep(t)) dt

= - [ [, [ttt 000 @aannto

k>1

-
_%/O /TN /Ragnp(x, t, §)G2(x)dyx7t(£)dxdt—|— m(dep), a.s..

v
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Hypothesis

Hypothesis H The flux function A belongs to C?(R;R") and its derivatives have at
most polynomial growth. For each u € R, the map ®(u) : U — H is
defined by ®(u)ex = gk(-, u), where each gi(-, u) is a regular function
on TV. More precisely, we assume that g € C(TV x R) with the
following bounds

G(xu) =Y lgbe )’ < Do(1+uf),
Slgi(xu) — g VIP < Di(lx =y P+ u—vid(lu = v])),

k>1

for x,y € TV, u,v € R, and J being a continuous non-decreasing function on R* with
J(0) = 0. Since ||gll# < |lg«llc(rny. we deduce that ®(u) : U — H is a Hilbert-Schmidt
operator, for each u € R. Hence,

> lig( )i < Do(L + [uf?).

k>1
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Global well-posedness of S

The following result was shown in [12](2010).

Theorem 5 (Existence, Uniqueness, Reduction)

Let up € L>°(T"). Assume Hypothesis H holds. Then there is a unique kinetic solution
with initial datum uo to equation (11). Besides, any generalized kinetic solution f is
actually a kinetic solution in the sense that if f is a generalized kinetic solution to (11)
with initial datum /,;>¢, then there exists a kinetic solution u to (11) with initial datum
ug such that f(x, t,£) = lyx,5)>¢ a.s. for a.e. (x,t,&).

The kinetic solution u is a strong solution in the probabilistic sense.
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LDP and weak convergence method

Let {X®}<>0 be a family of random variables defined on a given probability space
(92, F,P) taking values in some Polish space &.

(Rate function) A function / : £ — [0, 0] is called a rate function if [ is lower
semicontinuous. A rate function / is called a good rate function if the level set
{x € £:1(x) < M} is compact for each M < co.

(Large deviation principle) The sequence {X¢} is said to satisfy the large deviation
principle with rate function / if for each Borel subset A of £

— inf I(x) <lim inf elogP(X® € A) < limsupelogP(X® € A) < — inf I(x),
xEA° e—0 £—0 xEA

where A° and A denote the interior and closure of A in &, respectively.

@ An important tool for studying the Freidlin-Wentzell's LDP is the weak
convergence approach, which is developed by Dupuis and Ellis in [10].
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@ The key idea of this approach is to prove certain variational representation formula
about the Laplace transform of bounded continuous functionals, which then leads
to the verification of the equivalence between the LDP and the Laplace principle.
In particular, for Brownian functionals, an elegant variational representation
formula has been established by Boué and Dupuis in [2] and by Budhiraja and
Dupuis in [3].

Suppose W(t) is a cylindrical Wiener process on a Hilbert space U defined on a filtered
probability space (2, F, {F:}ecpo, 77, P) ( that is, the paths of W take values in

C([0, T];U), where U is another Hilbert space such that the embedding U C U is
Hilbert-Schmidt).

Define
-
AZE{¢:¢isa U~— valued {F:}predictable process with / |p(s)|5ds < oo P-a.s.
0

.

Suzi{he LQ([O, T); U): / |h(s)\%,ds < M},
0

Au & {p € A: p(w) € Su, P-as.}).

We will always refer to the weak topology on the set Sy.
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Suppose for each £ > 0,G° : C([0, T];U) — £ is a measurable map and let
X® = G°(W). Now, we list below sufficient conditions for the large deviation principle
of the sequence X¢ as ¢ — 0.

Condition A There exists a measurable map G° : C([0, T];U) — & such that the
following conditions hold

(a) For every M < oo, let {h® : e >0} C Apn. If he converges to h as
SM valued random elements in distribution, then

Ge(W() f J; h°(s)ds) converges in distribution to G°( [, h(s)ds).
(b) For every M < oo, the set Ky = {G°( [, h(s)ds) : h € Su} is a compact
subset of £.
Theorem 6 (Budhiraja et al. (2000)[3])

If {G®} satisfies condition A, then X© satisfies the large deviation principle on £ with the
following good rate function / defined by

1 /7 5
I(f) = inf = h(s)|yds ¢, VfeE&. 12
(f) {heLZ([O,T];U)I:rtJ=g°(fd h(s)ds)}{Q/O [h(s)lv } (12)

By convention, /(f) = oo, if {h € L*([0, T U) : £ =G°(J, ds)} = 0.

v
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A new criterion for LDP

Recently, a sufficient condition to verify Condition A is proposed by Matoussi, Sabbagh
and Zhang in [24](2008), which turns out to be more suitable for SPDEs arising from

fluid mechanics.

Condition B

(i)

Z. Dong

There exists a measurable map G° : C([0, T];U) — £ such that the
following two items hold

For every M < +00, and for any family {h%;e > 0} C Ay and any
4 >0,

lim P(p(Y*,2%) > 0) =0,
where Y© := G5 (W(-) + = [y h°(s)ds), Z° := G°(f, h*(s)ds), and
p(,-) stands for the metric in the space £.

For every M < +o0 and any family {h®;e > 0} C Sum that converges to
some element h as ¢ — 0, G°( [, h°(s)ds) converges to G°( [, h(s)ds) in
the space £ in Probability.
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Compare Condition A with Condition B

@ Condition B implies Condition A, whose proof can be found in [24].

& (ii) in Condition B is stronger than (b) in Condition A.

However, in previous articles that used Condition A to prove large deviations, we
actually obtained Condition B. Hence, there is no differences in verification for
stochastic evolution equations.

& (i) in Condition B is weaker than (a) in Condition A.

It reduces the difficulty bought by h® weak convergence to h when verifying (i) in
Condition B. As usual, (i) is not difficult to check because the small noise disappears
when € — 0.

& In fact, we have tried both methods. It turns out this new sufficient condition

(Condition B) is suitable for establishing LDP for SSCL. In the following, we will point
out the difficulty we encountered when verifying Condition A.
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Statement of the main result

We consider the following stochastic conservation law driven by small multiplicative noise

du® + div(A(u®))dt = /e (u®)dW(t),
u®(0) = wo,
for € > 0, where up € L>(T"). Under Hypothesis H, by Theorem 5, there exists a

unique kinetic solution u® € L'([0, T]; L*(T")) a.s.. Therefore, there exists a
Borel-measurable function

G+ C([o, Thu) — ([0, T L(T™)
such that u®(-) = G5(W(")).
Let h € L2([0, T]; U), we consider the following skeleton equation

dup + div(A(up))dt = ®(us)h(t)dt
(13)
Uh(O) = Uuop.
The solution up, whose existence will be proved in the next section defines a measurable
mapping G° : C([0, T];U) — L'([0, T]; L*(T")) so that G°( f, h(s)ds) := un(-).

Theorem 7 (DWZZ [9] (2018) )

Let up € L°°(’]I‘N). Assume Hypothesis H holds. Then u® satisfies the large deviation
principle on L*([0, T]; L*(T")) with the good rate function / given by (12).
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Global well-posedness of the skeleton equation

Fix h € Sm, and assume h(t) = 3",., h*(t)ex. Now, we introduce definitions of solution
to the skeleton equation (13). B

Definition 11 (Kinetic solution)

Let up € L>°(TV). A measurable function uj : TV x [0, T] — R is said to be a kinetic
solution to (13), if for any p > 1, there exists C, > 0 such that

ess sup [lun(t)I7ppny < Go,
tel0,T]

and if there exists a kinetic measure m;, € MJ(T" x [0, T] x R) such that f, := l,>¢
satisfies that for all p € CH(T" x [0, T] x R),

/0 (o), Besp()) dt + (o, £(0)) + / (F(£), a(€) - Vip(t))dt
_ —Z/ / e Eeln i i, A (et 4 am Bl

k>1

where fy(x,£) = l5(x)>e-
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Definition 12 (Generalized kinetic solution)

Let fo : TV x R — [0, 1] be a kinetic function. A measurable function
fo : TV x [0, T] x R — [0, 1] is said to be a generalized kinetic solution to (13) with the
initial datum fo, if (7(t)) = (fs(t,-,)) is a kinetic function such that for all p > 1,

V"= —0¢f, satisfies

ess sup [ [ lerant(©ax< G,
™ JR

te[0,T]

where G, is a positive constant and there exists a kinetic measure
mp € M (TV x [0, T] x R) such that for all ¢ € CX(TV x [0, T] x R),

/0 (fa(t), Oep(t)) dt + (fo,0(0)) +/0 (Fu(t), a(€) - Vep(t))dt
_ v o (x x k I/ht " . .
; Z/o /TN/Rg( L €)p(x, t, )N (t)dvy, (§)dxdt + ma(Dep).  (14)

k>1

v
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Theorem 8 (Existence of solutions to skeleton equations, DWZZ [9])

Let o € L>(T"). Assume Hypothesis H holds, then for any T > 0, (13) has a
generalized kinetic solution f, with initial datum fo = ly;>¢.

The proof of Theorem 8 is similar to the proof of Theorem 5 which was done in [12], we
therefore omit it here.
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For the uniqueness, we firstly prove a comparison theorem for two generalized solutions f;, i = 1, 2 of the following equations
(15) by using the doubling variation method.

dul, + div(A(u},))dt = &(u},)h(t)dt, (15)
up(0) = ug.

Proposition 2 (Comparison Theorem)

Under Hypothesis H, for 0 < t < T, and nonnegative test functions p € C°°(TN), ¥ € C2°(R), we have

S foa P07 = WAE = O 1, OB (6, et

/(W)2 S #x = 90(E = Ofi o, ) 0ly ey + Ky + K,
where

K= [ L 05 0505 G0 — A0 — OIEAC - Tl )

Ko = m/ /T’V)2 ) /Rz 1(6: ) Ek,1 (%, €) — g 2y, O ()}, @ du? (€, C)dxdyds

with v1(&, ¢) = [5 (&' — Q)de’ = [E75 w(y)dy.

Z. Dong stochastic scalar conservation law 30-12-2018 43 / 64



Proof. Let 1 € C°(TY x R¢) and g2 € C°(T) x R¢). Taking a test function of
the form (x,s,&) — ¢i(x,£)7y(s) in (14), where 7 is the function

1, s<t
Y(s)=4q 1- t<s<t+e,
0, t+e<s,

and letting € — 0, we obtain for all t € [0, T],
(67 (8), 1) = (o, 1) + / ((5),8(6) - Tagpa(s)) ds
ns / [, [ gt dertx W (s)ev (s — (. o) (0. ),

k>1
where fig = lyy>¢ and vy ((€) = —0¢h (s, x, €). Similarly,
(B (1), 02) = (Bos2) + / (B (s). a(C) - Vyipa(s)) ds
/ / / gy, O)aly, OB (5)d2 o(C)dyds + (ma, o) ([0, ).

k>1
where f0 = ly>¢ and v (¢) = 061 (s, v, €).
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Denote the duality distribution over TY x R x TJ x R¢ by ((-,-)). Setting
a(x,&,y,¢) = pi(x, &)p2(y, ) and using the integration by parts formula, we have

(5 (O (1), )
= ((fioho, fifs -V -V, )adédCdxdyd
(haboa)+ [ [ [ ARG Vet a(0)- 9 adedcnayos

X L o asaly, Op ) ded (et
k>1

w3 [ [ B o Oagale O (s)dCa (s
0 (']I‘N)2 R2

k>1

+~/0 /(”JTN)Z /Rz fi' (s, x,€)9cadma(y, ¢, s)dEdx
_/ / / 6 (s, y,O)0cadmi(x, €, s)dCdy. (16)
0 (TV)2 JR2

Using a truncation argument of «, it is easy to see that (16) remains true if
a € C[,X’(TLV x Re X Tf,v x R¢) is compactly supported in a neighbourhood of the diagonal

{nexeixeT e er}.
Taking a = p(x — y)¥ (€ — ¢), then we have the following remarkable identities
(Va+V,)a=0, (3+0)a=0. (17)
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Referring to Proposition 13 in [12], we know that the last two terms in (16) are
non-positive. Consequently, we have

{AT (DB (1), a)) < ({fioho,a)) + Ki + Ko,
where

Ki = /o /(’]TN)2 /Rz fif(a(§) - Vi + a(() - Vy)ad{d(dxdyds

and

) L L o amaty, On (e (e

t
e [ B o Oagale O (s)dCa (s
k>1 0 (']I‘N)Z R2
= K + K.

By (17), we have

Ky = /0 /(W /R RR(a()  a(C)) - ViadEdCardyds.
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Let
6 ’ ’ hed ! ’
&= [ we -0, o= [T we-
nEo= [ v~ wco=[Tue-)

for some &£, ¢ € R. Then
1 = —
o= -x S fowg Lo 5650 000 = 90066 Ot O (51 (bt
- -2 [ Jrowg foa 70 =96 Ozl O ) @ 0 (&, s
k>1 T
o= -3 [ Jrowg foa (612 00 = 90026, 2 (N () ()

k>1

1 2
M/ /TN /TRZ 72(C, ©)p(x — y)gk,1(x, OB ()l , ® dv? (€, C)dxdyds.
Note that v1(&, ¢) = 72(¢, §) = jg ¢ 1 (y)dy. We deduce from (18) and (18) that
K=" / / =) [, 1 Olea(x,€) = Bl I () @ ] (¢, ey

k>1

Hence, the equation (16) is proved for ff. To obtain the result for £, , we take t, 1 t, write (16) for f(.+(t,,) and let n — oco.
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Theorem 9 (Uniqueness of solutions to skeleton equations, DWZZ [9])

Let up € L>(T") and assume Hypothesis H holds. Then there exists at most one kinetic
solution to (13) with the initial datum up. Besides, any generalized solution f is actually
a kinetic solution, i.e. if f, is a generalized solution to (13) with initial datum /. ¢, then
there exists a kinetic solution up to (13) with initial datum ug such that

fo(X, £,8) = lyy(x,)>¢, for ae. (x,t,€).

Proof.  Suppose f1, f, are two kinetic solutions to the equation (15). Let p., s be
approximations to the identity on TV and R, respectively. That is, let p € C>=(T"),
¥ € C°(R) be symmetric nonnegative functions such as [.yp=1, [ =1 and
suppy C (—1,1). We define

1 X 1 €
P = e (5) wsle) = 5u(5).
Letting p := py(x — y) and ¢ := ¢5(§ — ¢) in Proposition 2.
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Then

i (x, t,6)F (x, t, €)dxdE

I
—

o = Y€ = OB 5. O .. ey £ 1)
< / / py(x — y)bs(€ — ¢)fioh,odEdCdxdy + Ki + Ko 4 n:(7, )
(TN)2 J(R)?
/ fl,OE,Odde + Rl + RZ + 77t(’Y, 5) + 770('7’ 5)’ (18)

where Ki, K, in (18) are the corresponding Ki, K» in the statement of Proposition 2
with p, ¥ replaced by p~, s, respectively, and lim, s—on:(7y,0) = 0, for any t € [0, T].
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To complete the proof, we need to estimate K1 and K.
|Ka| < TGy, Ko < VDi(y+ 62 J2(8))(T + M).
Taking 6 = fy% and letting v — 0 gives

/TN/Rfli(x, t, )F (x, t,€)dxd¢ < /qu/Rfl’OFZ’Odng'

Suppose that uj, and u} are two kinetic solutions to (15), using the following identities
T e (1 2+ — 1 2\ —
/ Iu%>§’u%>§d§ - (uh - uh) ) / Iu}'>§lu%>§d€ = (Uh - uh) ) (19)
R R
we deduce from (19) with i = lj ¢ that

1 2
[lun(t) = ui (Bl rmy < lluo — wolla(rwy = 0.

This gives the uniqueness.
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In view of Theorem 8 and Theorem 9, we can define
G%: c([o, TI:u) — L*([o, T]; LY(TY)) by

QR = { up, if h= J; h(s)ds, for some h € L*([0, T]; U),
’ 0, otherwise,

where uj, is the solution of equation (13).
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The continuity of the skeleton equations

For any family {h®;e > 0} C Sy and n > 0, consider the following parabolic
approximation

dul. — nAup. dt + div(A(up.))dt = &, (u)l )b (t)dt,
10) = u” (20)
uhE( ) Uy,

where ug is a smooth approximation of wo satisfying limy,—o [|ug — woll1(pvy = 0, @ is
a suitable Lipschitz approximation of @ satisfying the linear growth condition uniformly.
We define g’ and G" as in the case n = 0.

Furthermore, for any R € N, we approximate operator A in (20) by Lipschitz continuous
operator AR using the method of truncation. Consider the following equation

dul2R — nAuRdt 4 div(AR(uF))dt = &, (u2R)he (t)dt,
R 0) = n (21)
upe"(0) = ug,

where AR is Lipschitz continuous hence it has linear growth |AR(€)] < C(R)(1 + |¢]),
&, and ug are the same as above.
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We obtain the following results:
@ Using the same arguments as the proof of Theorem 5.2 in [11], for every n > 0, it
gives that

lim sup sup [uR(t) = u™(¢)||% = 0.
Jim_sup sup " (6) — i (1)
@ limyosup,cs,, [luy — unll oo, 7j.e ey = 0.
@ For any n,R >0, {u?® ¢ > 0} is compact in L*([0, T]; H).

@ Fix any n, R > 0. For the solution uﬁ;R of (21), when h® — h weakly in
L([0, T]; V),
R R

upe™ — uyl HLl([o,T];Ll(TN)) =0

lim
e—0

where u}"" is the solution of (21) with h° replaced by h.
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Proof of (i) in Condition B

Now, we are able to prove the continuity of G°.

Theorem 10 (Continuity of G°, DWZZ [9])

Assume h® — h weakly in L2([0, T]; U). Then up- converges to uj in
LX([0, T]; LY(TN)), where up- is the kinetic solution of (15) with h replaced by h®.

Proof. Notice that for any € > 0,

lune — unll o, T2 (Tvy)
<l = une oo, parrmyy + ufe = bz lliago, ra(ovy)

,R ,R ,R
Hllupe™ = uy o, ryererwy) + luy™ = up oo, 72 (v

+llup = unll o, 73 (Tvy)-

Z. Dong stochastic scalar conservation law 30-12-2018 54 / 64



Proof of (ii) in Condition B

For any family {h%;0 < & < 1} C Aum, we consider the following equation

{ di® + div(A(E°))dt = ®(T°)h°(t)dt + /eP(T°)dW (t),
TIE(O) = Ug.

By Theorem 5 and Theorem 9, we know that there exists a unique kinetic solution &°
with initial data wp € L>°(T") satisfying that

(22)

E(ess sup [|T°(t)|| 1(pny) < +oo.
tel0,T]

Theorem 11 (DWZZ [9])

For every M < oo, let {h® : € > 0} C Am. Then

o= (wiy+ - /hE(s)ds - (/O'ha(s)ds)

—0 i obability.
Li([o, TJ;LE(TN)) e Y
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Proof  Applying the doubling variation method with fi := l,es¢ and £ 1= lzes¢.
Setting a(x, &, y,C) = py(x — y)¥s(§ — €), using integration by parts formula, we
deduce that

(FOR @)= ({foboc / /TN / fif(a(€) — a(¢)) - Vxadéd(dxdyds
“/ /W - dcafi’ (s,x,£)G; (v, C)dDy:s (¢)dEdxdyds

/ / / £ (s %, €)agea(y. ()b *(s)dEdn22 () dxdyds
'EN

k>1

+Z/ /TN /f2 s, v, C)agr,i(x, €)h™*(s)d¢dvy s (€)dxdyds

k>1

+ / / / £F(5,%, €)0cadms (v, , s)dEdx
0 (TN)2 R2
t
- / / B (5., C)dcadms (x, €, 5)dCdy
(TN)2 R2

Y / / / £ (5.%,€)8ka(y, Q)adedi s (¢) dxdyd i (s)

k>1
= <<f1,0f2,0»04>> + Ki+ Ko+ K3+ Ko + Ks + Ks + K.
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Hard terms estimate

Verifying (i) in Condition B, we need to estimate

K3 + Ky
< k>1/ S oz 7106 9906 = ) (80206 N H(5) = 2l OB H(5)) ] @ 0735 oo
< k>1/ /TN)2 oo 10 s (= e, ©) = s al: OB (@S @ A5 (€, Oy

1

< Y& oy (= V) (D leka(x: €) — & ,2(v: <)l 1h=1%) 2 dvl © diry < (€, C)dxdyds

J S Jra €002 =0 (2 DA )i o o
< JDT/ Ih° (s |u/ 3 oo & Oy x = Y)lx = yldf @ a5 (6. e

11 .

w0 [ \hE(S)\U/(TN)z prlx =) [, (€ Qe = <1712 (1€ = CavkS @ dn5 (e, ey

< CVBily + 82 IE(B))(t + M),

where fot \hE(s)\%/ds < M is used.
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Hard terms estimate

Verifying (a) in Condition A, we need to estimate

K3 + Ky
< m/ S Joa 146 996 = 9 (8010007 4(5) — 12 (9)) S © 7 (6, s
< - - Bk (s)|d d dxdyd:
< m/ S Joa 146 006 = Vl810) — g1 20K @S @ 853 (6 s
52 gy Joa 16 09 = g 21K 6) — W @laE @ 7] )b
k>1 (T
21 <k (g
< 1€ Qp~y(x —y) lgk,1 () — g, 20)1P)2(3 1hS )2dvlE @ diy (£, ()dxdyds
5 S a6 0= z :
1 1
/ /N / (& Qpy(x = V(O k2P 2 (3 1655(s) — 1 ()12 2 duy s ® il (€, ¢)dxdyds
T k>1 k>1

11 e " : 1,e _2

< VB +sRIEENE M4V [T bl [ [ (6 Qo= )l © 08 (e s
11

< YDy + 52 E)(E+ M) + Q.

Compared with Condition B, we need to show that the additional term Q converges to 0, when h(s) weakly converges to h(s).

Unfortunately, we failed! Because, we don't have some nice moment estimates, such as LZ([O, T]; V), V is a suitable Sobolev
space.
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|Kil

IN

tCody Y, Ko+ Ko <0, Ko < =Dotd ' + %Doté.

€

2

Ki+Ki < CvVDi(v+682J2(8))(t+ M), E sup |Ky|(t) < Cv/ev/DoTy V.
te[0,T]

1
Letting 6 = 'y%, v = €20 then, Esup,co 1 |K7|(t) = 0 & — 0, which implies that
Sup,epo, 77 |K7[(t) — 0 in probability as € — 0 by Chebyshev inequality. Moreover,

sup r(e,7v,6,t) >0, as. e—0.
te[0,T]

Notice that f; := lese and f := lzes¢ with initial data fi,o = lyse and B0 = lyy>c,
respectively. With the help of identity (19), we deduce that

1G°(t) = v (O)llrwy < [K7|(E) + r(e, t).
Hence, it follows that

7% = vl o, 72 vy

T -ess sup [|T°(t) — v(t)|lemmy
te[0,T]

IN

IN

T- sup |K7|(t)+ T - sup r(e, t) =0
te[0,T] t€[0,T]

in probability as € — 0. We thus complete the proof.
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